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Abstract: A normal-incident flattop laser with a tapered end is proposed
as an optical undulator to achieve a high-gain and high-brightness X-ray
free electron laser (FEL). The synchronic interaction of an electron bunch
with the normal incident laser is realized by tilting the laser pulse front.
The intensity of the flattop laser is kept constant during the interaction time
of the electron bunch and the laser along the focal plane of a cylindrical
lens. Optical shaping to generate the desired flattop pulse with a tapered
end from an original Gaussian pulse distribution is designed and simulated.
The flattop laser with a tapered end can enhance the X-ray FEL beyond the
exponential growth saturation power by one order to reach 1 Gigawatt as
compared to that without a tapered end. The peak brightness can reach 1030
photons/mm2 /mrad2 /s/0.1% bandwidth, more than 10 orders brighter than
the conventional incoherent Thompson Scattering X-ray source.
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Free-electron lasers (FEL) are the most powerful X-ray radiation sources to support many frontier researches [1]. For the existing X-ray FEL facilities, electron bunches with multi-GeV
energy and magnetostatic undulator sections with tens of meters long are required [1]. Shortening the undulator period can shorten the undulator length, and also make it possible to use
electron bunches with much lower energy than multi-GeV level. Along this line of research,
superconductiong undulator can shorten the period by a few times as compared to the period of a magnetostitic undulator [2]. Microwave undulator is also making great progress to
have undulator period comparable to that of superconducting undulator [3]. However, to have
an undulator period which is several order-of-magnitude shorter than that of the above mentioned devices, an optical undulator [4–6] is promising and can realize the X-ray FEL with
a multi-MeV electron bunch within a centimeter long interaction length. With rapid progress
in generating a table-top terawatt laser pulse and fiber optics, the optical undulator can provide effective magnetic field Bu on the order of kilo-Tesla, which can provide strong enough
effective undulator strength K for lasing [7]. The effective undulator strength is defined as
K = eBu λu /(2π me c) = eEu λu /(2π me c2 ) with e, me being the electron charge and mass, c the
speed of light in vacuum, Bu the magnetic field, Eu the electrical field, and λu the undulator
period. For head-on collision of an electron bunch and a laser, the interaction time between a
close-to-speed-of-light electron bunch and a counter-propagating laser depends mainly on the
laser pulse duration. To realize an optical undulator with a 10-20 FEL gain length, i.e., typically
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3 cm long, a 6 cm (or 200 ps) long counter-propagating laser pulse is required. To increase the
laser intensity or the effective undulator strength K value, the incident laser is strongly focused
transversely. This can be seen clearly from the definition of a Gaussian laser beam power, i.e.,
P0 = π w20 Eu2 /(4Z0 ) with w0 the transverse waist size, and Z0 the vacuum impedance. For a
given laser power P0 , if we want to increase the effective undulator strength K ∝ Eu , we will
have to decrease w0 , i.e., through strong focusing. However, the tighter the focus, the larger
the divergence, and the shorter the Rayleigh range, ZR = π w20 /λ
u . Therefore, the laser beam
size w(z) changes quickly with travel distance z, i.e., w(z) = w0 1 + (z/ZR )2 . So, at any interaction instant, the local electric field changes quickly, i.e., Eu (z) ∝ 1/w(z). Therefore, the
local undulator strength, K(z) ∝ Eu (z), varies significantly during the head-on interaction of
an electron bunch and a laser. This rapid variation is fatal for a high-gain FEL, which needs
to maintain the required resonance condition λr = λu (1 + K 2 /2)/(2γ 2 ), i.e., to keep lasing at
the same wavelength λr , the undulator strength K should be kept constant for a given γ , the
electron’s Lorentz relativistic factor. To resolve such a quandary, we have to decouple the focusing of the laser beam from enlengthening the interaction time. One solution is to configure
a normal incident laser with a tilted pulse front as shown in Fig. 1, where the laser is focused
in the y-direction; while the electron-laser synchronic interaction is in the x-z plane with y = 0.
The laser is shown as the parallelogram ABCD with a duration of a few cycles only in the
propagation z-direction, e.g., CD = 5λu , but the interaction length can be extended to a few
hundreds cycles, e.g., AB = 500λu , so that the electron-laser synchronic interaction time can
be extended by several orders [8, 9]. The cylindrical focusing lens focuses the laser in the ydirection with PQ indicating the focal point, then during the interaction time the electron bunch
shown as the green ellipse will experience a strong focused effective undulator strength. This
concept is further generalized for soft X-ray generation with a nearly copropagating sheared
laser pulse [10]. In this paper, we give a novel design of the tilted pulse front approach for realizing such a compact high-gain FEL with optical undulator. We also theoretically demonstrate
that the energy efficiency and FEL power could be further improved beyond the saturation of
the exponential growth by adopting a tapered optical field with a tilted pulse front. Thus, the
brightness of the FEL can be further enhanced. For relativistic electrons with a velocity close

Fig. 1. Schematic of a X-ray FEL. SLM, spatial light modulator; f1-f2, lenses.

to the speed of light, to maintain synchronous interaction means that OA/c = OB/(β c) as in
Fig. 1, where the electron is traveling along QP with a speed of β c. Since QP = OB, for β → 1,
the triangle ΔOAB is almost an isosceles triangle, with OA ≈ OB. The tilted angle ϑ2 =  MGH
is defined as the angle between the pulse front GH, and the phase front GM. As long as the
synchronous interaction is satisfied, the titled angle ϑ2 can be arbitrary [10]. In this paper, the
titled angle ϑ2 is chosen to be close to 45 degree [8]. In our design, ϑ2 is created by using
optical diffractive elements with angular dispersion as in Fig. 1. The incident laser first passes
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the grating and acquires a pulse front tilt of ϑ1 with respect to the phase front. The laser then
passes a spatial light modulator (SLM) [11]. By the high-precision optical pulse shaping based
on SLM, the transverse intensity profile of the laser is transformed from an incident Gaussian to
a flattop profile with a tapered end. The design details will be elaborated below. Because FELs
require a high-precision beam pattern with uniform effective undulator strength [12], here we
use SLM-based pulse shaping to achieve high-precision. The SLM device consists of an array
of aluminum-coated micromirrors. The damage threshold of the SLM for the high power laser
could reach 1 J/cm2 [13]. The power capacity can be higher if the aluminum film is replaced
by a gold film. Each micromirror can be latched in two positions, at ±12-degree from the SLM
surface normal. When operating with a coherent source, the SLM functions as a programmable
blazed gratings whose diffraction characteristics can be analyzed based on the wavelength, the
blazed angle, and the pixel size [11]. Therefore, the laser pulse front tilt can be further increased
as in Fig. 1, and the effective interaction length BA is extended to the entire transverse width
of the laser pulse. The electric field, shown as Ey in Fig. 1, has polarization along the y-axis.
Moreover, the electron bunch moves along QP, i.e., the focal plane of a cylindrical lens in the
y-direction as in Fig. 1. The intensity of the flattop laser along the electron’s path has a constant
section with a length of centimeters. Compared to laser period on micron level, this interaction
length is long enough to realize the FEL exponential growth, leading to a significantly enhanced
coherent radiation based on the simulation below. In the optical layout of a SLM-based pulse
shaper as in Fig. 1, the input pulse with a ϑ1 -degree pulse front tilt is formed by one angular
gratings and is collimated by a convex lens. In our design ϑ1 = 21 degree. The input laser pulse
is then incident on the SLM. Because the transverse profile of the pulse-front-tilted laser arrives
at different time, each section of the transverse profile is modulated consecutively by individual
row (or column) of the binary SLM pattern. A slit placed at the back focal plane of the first lens
(f1) performs one-dimensional spatial filtering that cleans out most of the spatial noise introduced by the binary amplitude modulation in pulse shaping. As a result, the modulated beam is
converted to the desired profile in the filtering direction while maintaining spatial sharpness (as
a row or column) in the non-filtering direction. Besides, as a blazed gratings with the tilt angle
of 12-degree, SLM leads to an additional pulse front tilt of 24 degree after its reflection. Thus,
the final tilted pulse front angle reaches ϑ2 ∼ 45 degree as required in Fig. 1.
Once we have an optical laser with uniform field distribution as described above, we can design a FEL whose exponential growth saturation power depends on the undulator field strength,
the electron bunch current, energy, and qualities such as energy spread and emittance [14].
During the FEL exponential growth process, due to energy conservation, the energy of the
electrons (γ me c2 ) decreases when electrons continuously radiate X-ray photons. According
to the resonant condition λ = λu (1 + K 2 /2)/(2γ 2 ), to further extract energy from the electron bunch at λ , one has to decrease the undulator strength K synchronously for a decreaspulse shaping, we use the taper profile [16]:
ing γ [15]. In the following, for SLM-based

K(z) = K(z0 ) 1 − a(z − z0 )2 /(L − z0 )2 for z > z0 , where z0 indicates the taper starting point,
L is the tapered optical undulator length, a is the taper amplitude, and K as mentioned above
is the effective undulator strength from the laser field. For z < z0 , K is constant. In simulation, the field size is 52.6 × 52.6 mm2 for a laser with wavelength of λu = 10 μ m. The incident laser pulse transverse profile follows a Gaussian distribution [G(y, z)] with the 1/e2
beam width of RG = 5.25 mm. The target profile T (y, z) is generated by multiplying the tapered field K(z) (with z0 = 26.28 mm and L = 13.68 mm) with an 8th -order Super Lorentzian
flattop function. The input Gaussian profile G(y, z) and the target distribution T (y, z) are:


8 −1


2
2
2
y2 + z2 /RSL
where
G(y, z) = G0 exp −2[y + z ]/RG , and T (y, z) = K(z)SL0 1 +
G0 is the normalized intensity at the Gaussian profile center (G0 = 1), SL0 = 0.34K(z0 ), and
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RSL = 18.60 mm. This target profile has the required uniform intensity distribution at the center
to ensure FEL exponential growth. In addition, it has smooth transition areas to zero intensity to serve as a tapered undulator. This confines the bandwidth of the target function at low
spatial frequency range for high-precision pulse shaping. The view against the laser propagation direction for the ideal goal profile is shown in Fig. 2(a). These parameters give the pulse
shaping principle and a target image that does not exceed the input Gaussian in intensity [Fig.
2(b)]. The target profile in Fig. 2(a) is used to generate the SLM pattern in the optical system

Fig. 2. (a) Front view and (b) cross sections of the target image (dash line in (a)) and the
incident Gaussian profile; (c) 3D and (d) 2D plot of the maximal intensity projection of the
simulated shaped tilt pulse in the x-z plane; (e) Front view and (f) cross sections (along the
dash line in (e)) of the simulated shaped tilt pulse (blue dot-dashed curve) with the target
image (red solid curve). Shown here, the beam profile is before the cylindrical lens.

illustrated in Fig. 1. The binary SLM pattern is initially designed using the one-dimensional
error diffusion algorithm [17] and can be improved by the iterative pattern refinement [11]. As
a digital halftoning technique, the error diffusion algorithm converts the continuous reflectance
profile to the binary SLM pattern. The generated binary pattern has blue-noise characteristics,
meaning the majority of noise locates at high spatial frequency range, while the image content at middle and low spatial frequency ranges is well preserved. The optimized slit width
corresponds to the normalized system bandwidth fn = 0.012. The slit filters out most high
spatial frequency noise and keeps the major image content. As a result, a grayscale output
image is produced with high precision. The transverse profile quality of the shaped pulse is
quantified by the root-mean-square (RMS) error of the output profile with respect of the target
image, RMS = ∑(y,z)∈MA (Io (y, z)/It (y, z) − 1)2 /N where N is the total number of pixels in
the measurement area (MA), Io (y, z) and It (y, z) are the output and target profiles with equalized
energy. The simulation shows that the SLM-based pulse shaper illustrated in Fig. 1 converts the
incident Gaussian pulse to the desired flattop pulse with a tapered end as shown in Fig. 2(a).
The maximal intensity profile in the time x-z coordinates illustrates that the shaped pulse has
a 45-degree tilt front [Figs. 2(c) and 2(d)]. The simulated shaped pulse in Figs. 2(e) and 2(f)
shows a good conformity compared with the target profiles in Figs. 2(a) and 2(b) with a RMS
error of 0.206 % over a 20.5×20.5 mm2 square measurement area. Notice that, shown in Fig.
2, the beam profile is before the cylindrical lens.
Based on the above description for generating the tilt-front pulse with a tapered-end, the
GENESIS code [18] is used for simulating the FEL process with the laser pulse acting as an
effective optical undulator. GENESIS code for optical undulator is consistent with the analytical
theory [5, 6] and the electromagnetic simulation code [4] established for an optical undulator.
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As to the electron bunch parameter and quality, the laser-driven plasma accelerator can generate
a high quality bunch [19]. The FEL gain process starts only on the flattop part of the laser as in
Fig. 2(d), and no gain on the rising edge. With the parameters in Fig. 3, the FEL Pierce parameter is about ρ ∼ 0.0017 [14], which characterizes the lasing efficiency PFEL ≈ ρ (γ me c2 /e)I [14].
The GENESIS simulation gives a saturation power at the end of exponential growth of about
Psat ≈ 120 MW. The simulated FEL power for no taper case as the blue solid curve in Fig.
3 is consistent with the analytical estimate with 3-D gain length of LG = 0.44 mm [14]. The
FEL power for the tapered case (the red curve) is over 1 GW, about one order higher than that
for the no tapered case. The wavelength spectrum shown in Fig. 3(b) represents a relative narrow bandwidth radiation. Fitting to a Gaussian envelop gives a FWHM relative bandwidth of
4.4 × 10−3 for a flattop electron bunch of about 100 fs duration. The far field transverse image
is shown in Fig. 3(c) which is very close to a fundamental Gaussian mode with M 2 ≈ 1.03 and
transverse divergence σx ≈ σy ≈ 86 μ rad and waist size of w0 = 4.9 μ m. In reality, the op2 )] with E the peak electric field
tical undulator is a Gaussian mode E(x) = E0 exp[−x2 /(4σL,x
0
and σL,x the laser intensity rms x-size. The Gaussian distribution in the x-direction is similar to
the transverse-gradient undulator [20], which can be used to compensate the energy spread of
electron bunch if we inject the electron bunch with an x-offset from the laser center. We con-

Fig. 3. (a) Radiation power without taper (blue curve) and with taper (red curve); (the length
of taper L=2.3 cm, a = 0.4); (b) the spectrum; and c) Far field image of the X-ray pulse. The
simulation parameters are: electron bunch central energy γ = 80, energy spread σγ = 0.1,
normalized emittance εN = 0.2 π mm mrad, peak current I = 3 kA, beam transverse radius
5 μ m, RMS K = 1.5, and the undulator period λu = 10 μ m. There is no focusing magnet.

clude on the discussion of the peak brightness, defined as B ≡ Ṅph /(4π 2 σT2 σT2 d ω /ω ) where
T stands for x or y, i.e., the transverse dimension, σT  for the RMS opening angle, d ω /ω the
relative bandwidth, and Ṅph the flux of FEL. The peak brightness of the FEL pulse in our
scheme achieves 1030 photons/mm2 /mrad2 /s/0.1% bandwidth, which is 10 orders (i.e., 1010
times) higher than the max theoretical brightness for the incoherent nonlinear Thompson Scattering [21] with only spontaneous radiation and no gain. Notice that, for undulator radiation
the bandwidth
 of the central cone scales as d ω /ω ∼ 1/Nu , and the RMS opening angle scales
as σT  = (1 + K 2 )/(2Nu )/γ , thus, the brightness of X-ray is proportional to Nu2 . Therefore,
even if there is no FEL-type exponential growth, the X-ray source’s brightness benefits largely
from the lengthened interaction time. For a sufficient long optical undulator with number of periods Nu > 10LG /λu , the interaction length can be 10-20 gain length, thus, with a high quality
electron bunch, the high-gain Thompson Scattering FEL can be realized.
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